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Abstract 
Swarup, G.A., Geometric finiteness and rationality. Journal of Pure and Applied Algebra 86 
(1993) 327-333. 
We study the concept of ‘rational subgroup’ introduced by S. Gersten and H. Short [Ann. of 
Math. 134 (1991) 125-1581 in the context of geometrically finite hyperbolic groups. We show 
that if there are no parabolics, a subgroup is rational with respect to any automatic structure if 
and only if the subgroup is also geometrically finite. Some related questions are also discussed. 
1. Introduction 
Gersten and Short introduced the notion of a ‘rational subgroup’ in the context 
of rational structures on groups. They showed that if a rational structure on a 
group corresponds to an automatic (resp. biautomatic, etc.) structure, then a 
rational subgroup is necessarily automatic (resp. biautomatic, etc.) and raised 
questions (see [6, Section 71) about geometrically finite groups and their rational 
subgroups with respect to the language of geodesics (this assumes that there are 
no parabolics). The following results respond to their questions and suggest that 
the concept of ‘rational subgroup’ is the right notion for many questions about 
automatic groups and negatively curved groups. We formulate some of these 
questions below. We also extend the questions of Gersten and Short to geometri- 
cally finite groups with parabolics. 
Our main results are the following: 
Theorem 1.1. Let G be a geometrically finite group without parabolics, and 
(A, L) be any rational structure on G which is automatic. A subgroup H of G is 
L-rational if and only if H is also geometrically jinite. 
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If there are parabolics, the above theorem is not quite true since it is not true 
for abelian groups. The results of [12] and [4] suggest the following: 
1.2. Let G be a geometrically finite hyperbolic group with or without parabolics 
and (A, L) any rational structure on G which is biautomatic. If H is any 
L-rational subgroup of G, then H is geometrically finite. Conversely, if H is a 
geometrically finite subgroup of G, then there is a biautomatic structure (A, L) 
on G such that H is L-rational. 
However, we have not been able to prove this so far. The reason why we have 
a stronger result if there are no parabolics is the following: 
Proposition 1.3. Let G be a negatively curved group. A subgroup H of G is 
L-rational with respect to any automatic structure (A, L) on G if and only if the 
embedding of H in G is quasi-isometric (with respect to any Cayley graphs). 
One of the concerns of [6] is the relationship between rational subgroups and 
finite generated subgroups of an automatic group. It follows from a theorem of 
Thurston [lo] : 
Corollary 1.4. Let G be a geometrically finite torsion-free Kleiman group with 
x(G) # 0 and without parabolics, and (A, L) any rational structure on G which is 
automatic. A subgroup H of G is L-rational if and only if H is finitely generated. 
On the other hand, if G is the fundamental group of a fibre bundle over a 
circle, then the subgroup corresponding to the fibre is finitely generated but is not 
rational. These observations, and the results of Thurston [13, Chapter 91, 
Bonahon [2] and Gromov [S, Chapter 51 suggest that there may be positive results 
in the direction of the following: 
Conjecture 1.5. Let G be a negatively curved group and let H be a finitely 
presented indecomposable subgroup of G. Then either it is a rational subgroup of 
G (with respect to any automatic structure on G) or the virtual normalizer N of H 
in G contains H as a subgroup of infinite index. (N = {n 1 n E G, nHn_’ f’ H is a 
subgroup of finite index in H and nHn_‘}.) 
For torsion-free Kleinan groups, 1.5 follows from results of Thurston and 
Bonahon; however, if H is not indecomposable nothing is known even in this 
case. Another result which is known in dimension 3 and follows from Theorem 
1.1 and 1.2 in all dimensions is the following corollary: 
Corollary 1.6. Let G, and G, be geometrically finite hyperbolic groups without 
parabolics of possibly different dimensions and suppose that 4 : G, -+ G, is an 
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isomorphism. A subgroup H of G, is geometrically finite if and only if $(H) is 
geometrically jinite. 
In another direction, the above results suggest that there may be analogues of 
Maskit Combination Theorems for automatic groups, since one of the crucial 
assumptions in the Combination Theorems [9] is that the amalgamating subgroup 
should be geometrically finite. Recently Bestvina and Feighn [l] proved such 
theorems for negatively curved groups. We point out a corollary of their results 
which should be a useful prototype for automatic groups. 
Theorem 1.7. Let G,, G, be negatively curved groups, H a rational subgroup of 
both G, and G, and suppose that H is malnormal in G, ( gHg_’ fl H = {e} in 
g E G, - {e}). Then G, *H G2 also is negatively curved. 0 
This theorem follows from the results of Bestvina and Feighn, since the 
hypotheses imply that there are no long annuli in G. There is a similar result for 
HNN extensions and both these correspond to glueing along totally geodesic 
boundary components [ 131. 
2. Proofs 
We will prove the theorems stated in the Introduction. We recall that a discrete 
subgroup g of Iso is said to be geometrically finite if the quotient C(G) /G of 
the Nielsen convex hull c(G) is compact. The Nielsen convex hull C(G) is the 
hyperbolic convex hull in H” of L(G) the limit set of G (see [13] and [3]). In the 
Beltrami-Klein model, it is the usual convex hull of L(G). 
Proof of Proposition 1.3. Let G be a negatively curved group, A a finite set of 
generators for G, T(G; A) the Cayley graph of G with respect to A and L the 
language of geodesic in T(G; A). It is known that L is a regular language. A 
subgroup H of G is L-rational if and only if H is L-quasiconvex by [6]; the latter 
means that there is a number R such that any L-path joining X, y E H in T(G; A) 
is within a distance R of H in T(G; A). The proofs of Theorem 2.2 and Lemma 
2.4 in [6] show that there is a finite system B of generators for H and positive 
constants a,b such that for all h E H, 
i IhI,,, - b 5 Ih( G.A 5 al hi H,B + b . 
To prove (*) (in the proof of Lemma 2.4 of [6]), it is assumed that the elements 
of L are (A, a)-quasigeodesics for some A and E. Since L is the language of 
geodesics, this assumption is easily satisfied; later on we will need to use the 
weaker hypothesis when we take different languages. The inequality (*) above 
assures that the inclusion of H in G is a quasi-isometric imbedding. 
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Conversely, suppose that i : T(H; B)- T(G; A) induced by the inclusion is an 
(a, b)-quasi-isometry. Then, geodesics in T(H; B) map to quasi-geodesics in 
T(G; A). Our assumption is that G is negatively curved or that G is 6-hyperbolic 
for some 6 > 0. One of the standard results on negatively curved groups 
(Theorem 1.3 of [5], Chapter 3 and Exercise at the end of the chapter, or [7, 
Chapter 5, Theorem 61) asserts that there is a number R depending only on a, b 
and 6 such that i([x, y]) is contained in a R-neighbourhood in I(G; A) of any 
geodesic joining i(x) and i(y). This fact can fail very strongly for nonnegatively 
curved groups and this makes the analysis more difficult in the parabolic case. The 
last conclusion implies that H is L-quasiconvex with constant R. Hence, we have 
shown that H is L-quasiconvex in G if and only if the map i : T(H; B)+ T(G; A) 
is a quasi-isometry for some system (hence any) of generators B, A for H and G. 
We next need to analyse the case when we take an arbitrary rational structure 
(A, L’) which is automatic. We first choose a sublanguage L” of L’ such that 
(A, L”) still gives an automatic structure on G and such that each element of G 
has a unique representative in L”. This is possible by Theorem 7.2 of [4]. In this 
case, we can choose A,& so that the strings of L” are (A, a)-quasigeodesics in 
T(T, A). (Theorem 9.5 “accepted implies quasigeodesics” of [4].) Now, going 
back to the first part of the proof for the language L, the only place we used the 
fact that the strings of L are geodesics is in deducing (*). As observed there, (*) 
holds for (A, &)-quasigeodesics as well. Hence (*) holds for L” as well, possibly 
with different a,b and it follows that the inclusion of H in G gives a quasi- 
isometric map of T(H; B) to T(G; A). To prove the converse, we observed that if 
i : T(H; B)+ T(G; A) is a quasi-isometry, then for any geodesic [x, y] in 
r(H; B), i(]x> ~1) is contained in a R-neighbourhood of any geodesic [i(x), i(y)] 
joining ix and iy. Since the strings of L” are (A, &)-quasigeodesics, there exists a 
R’ such that the unique L”-string joining ix and iy is in a R’-neighbourhood of 
[i(x), i(y)]. Hence i(]x, ~1) is contained in (R + R’)-neighbouring of the L”-string 
joining ix and iy; equivalently H is L”-quasiconvex in G with constant R + R’. 
Since L” C L’, H is L’-quasiconvex as well by the fellow traveller property. This 
completes the proof of Proposition 1.3. 0 
We will use Proposition 1.3 in the proof of Theorem 1.1. 
Proof of Theorem 1.1. Suppose that G is geometrically finite without parabolics of 
dimension 12. Let L(G) be the limit set of G, and C(G) the convex hull of L(G). 
The quotient C(G) /G is called the hull Nielson core or convex core of G and 
C(G) itself is called the Nielsen convex hull of G. The assumption that G is 
geometrically finite (when there are no parabolics) is equivalent to the assertion 
that C(G)IG is compact (see [3]). We have (A, L) the language of geodesics in 
T(G, A) with respect to some finite system of generators A of G. Fix a point b in 
C(G) and for each g E G, let 6g be the geodesic segment joining b to g(b). We 
have an obvious map 4(; : T’(G; A)- C(G) by sending e to b, g to g(h), the 
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segment joining e and g to 6g and extending equivariantly. Moreover, as C(G) /G 
is compact, $(; is a pseudo-isometry. Let H be a subgroup of G generated by a 
finite set B, and let 4 : T(H; B)+ T(G; A) be an equivariant extension of the 
inclusion of H in G. We can form & : T(H; B)-+ C(H) as before, and also the 
map 4’ = 4c. c$. It is possible that the image of 4’ may not be in C(H); however, 
as B is finite, the image of 4’ will be contained in a closed R-neighbourhood 
N,(H) of C(H) f or some R > 0. If H is geometrically finite, C(H)IH and 
NR(H) lH are both compact and thus the map T(H; B)-+ N,(H), still denoted 
4’, is a quasi-isometry. It follows that 4 : T(H; B)--+ T(G; A) is a quasi-isometry 
and hence H is quasiconvex or rational in G by Proposition 1.3. 
Conversely if 4 is a quasi-isometry, so is 4’ = 4G . 4. Hence for any h, ,h, E H, 
the geodesic joining h,(b) and h,(b) is in a R-neighbourhood of +‘(T(H; B)) for 
some R > 0, in fact the same is true for any two points x1,x2 in $‘(T(H; B)) and 
hence also for 4,(T(H; B)). We will use this fact together with the Beardon- 
Maskit criterion for geometric finiteness (see [9]) to show that H is geometrically 
finite. According to this criterion, H is geometrically finite (since there are no 
parabolics) if and only if every limit point of H is a conical unit point. A limit 
point z of H is called a conical limit point if for any cone in H” ending at z (i.e. 
the set of points N,(I) of distance less than s from a geodesic ray 1 ending at z), 
there is a sequence h,, of distinct elements of H, x E H” such that h,(x) E N,(1) 
and h,,(x) converge to z in the euclidean metric. Let z be a limit point of H. By 
definition, there is a sequence h,,(x) = x,, converging to z, though the X, need not 
be in a cone (see Fig. 1). We take the limit point z to be the origin 0, 1 to be the 
vertical ray through 0 and the cone C = C,,(I), where R is the number fixed 
above. If X, is not eventually in C, we will construct a sequence y, E 
&,(T(H; B)) n C which converges to 0 in the euclidean sense. Since B is finite, 
Fig. 1. 
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0” 
Fig. 2 
there is a compact set K contained in +H(r(H; B)) such that X, E h,(K) for some 
h, E H. Thus h,(x) for any x E K converge to 0 and by choosing a subsequence if 
necessary, we may assume that h, are distinct. By the compactness of K, there 
exists an R’ > 2R such that h,(x) E C,.(I). Thus, it remains to construct a 
sequence y, in 4H(r(H; B)) n C converging to 0. 
In Fig. 2, w, represents a geodesic in H” joining x, and X, and the correspond- 
ing plane section in H”. We may assume that almost all the X, are outside the cone 
C, for otherwise we can take xi = y;. If we fix X, outside C and take the rest of X, 
sufficiently close to 0, then the geodesic joining X, and X, will not be vertical. 
Moreover, the closed geodesic w joining x, and 0 intersects C,(I), in fact any 
such cone in the interior. Since the geodesics w, converge to w in the euclidean 
sense, we may assume that the w, intersect C,(f) C C,,(I) = C. Since we are 
assuming that X, are not in C, we have that the end point 0, of w, which 
converges to 0 is not equal to 0. If w, intersects C,(I) in the segment [R,, S,,] 
and C in the segment [Q,, , P,l], we have Q,,R,, converging to 0. Since [x,, x,,] is 
contained in a (hyperbolic) R-neighbourhood of 4,(T(H; B)), there exist y, E 
4H(r(H; B)) with d( y,, R,) < R (y, may not be in the plane section where as 
P,,, Q,,, R,, S, are all in the plane section containing wn). Hence y,, too converge 
to 0 in the euclidean sense. Since R,, E C,<(I) and d( y,, , R,) < R, y, E C,,(l) f~ 
A,(r(H; B)). Th us, we have constructed the desired type of sequence and this 
completes the proof of Theorem 1.1 0 
Corollary 1.4 follows immediately from a theorem of Thurston (10, Proposition 
7.11 which asserts that in Kleinian group G with x(G) #O, a subgroup H is 
geometrically finite if it is finitely generated. Corollary 1.6 follows from Theorem 
1.1 much more easily. Another result that follows from these is that the 
intersections of geometrically finite subgroups is again geometrically finite in G. 
This type of result, with the weaker assumption that G is discrete rather than 
geometrically finite was proved in [ll]. 
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